The purpose of this paper is to examine the problem of controlling a linear discrete-time system subject to input saturation in order to have its output track (or reject) a family of reference (or disturbance) signals produced by some external generator. It is shown that a semi-global framework, rather than a global framework, for this problem is a natural one. Within this framework, a set of solvability conditions are given and feedback laws which solve the problem are constructed. The theory developed in this paper parallels the one we developed earlier for the continuous-time system [9].
Introduction
Recently there has been a surge of interest in the study of linear systems subject to input saturation due to a wide recognition of the inherent constraints on the control actuator. Although most of the results in this study pertain to the problem of global stabilization (see, for example, [2], [ll] , [13] , [15] , [14] ) and semi-global stabilization (see, for example, [5] , [6] , [7] , [8] , [17] , [lo] ), some attempts have also been made in the solution of output regulation problems for continuous-time systems. Roughly speaking, this problem is one of controlling a linear system subject to input saturation in order to have its output track (or reject) a family of reference (or disturbance) signals generated by some external system, usually called the exosystem. A semi-global output regulation problem results if tracking and disturbance rejection is required to occur when the initial conditions of the closed-loop system are inside an a priori given (arbitrarily large) bounded set of the state space. The dobal output regulation problem and semi-global output regulation problem for linear continuous-time systems subject to input saturation were first studied in [16] and [9] respectively. Moreover, an improved design for semi-global regulators which achieve better performance was later proposed in [4] . This paper presents results parallel to those in its continuous counterpart [9] . It reflects the continuation of the study of semi-global output regulation problem for linear systems subject to input saturation which began in [9]. More specifically, we study the semi-global output regulation problem for linear discrete-time systems subject to input saturation which are asymptotically null controllable with bounded controls The rationale behind the adoption of a semiglobal framework for output regulation problem is twofold. Firstly, the semi-global framework allows us to use linear feedback laws, which is obviously very appealing; and secondly, the semi-global framework seems to be a natural choice when we show that the global output regulation problem, in general, does not have a solution. The dynamic error feedback regulator problem is solved by designing a linear observer based feedback. In this case, although the controller has a linear structure, it has some nonlinearity due to input saturation. We introduce the notion of semi-global output regulation problems by extending the output regulator theory for linear systems in the absence of input saturation developed by several authors (e.g. [l] and [IS]) to linear systems subject to input saturation which are asymptotically null controllable with bounded controls. A set of solvability conditions for these problems is provided and it is shown that for a fairly general class of systems these conditions are necessary. We also show that, under certain weak assumptions, these solvability conditions for semi-global regulator problems cannot be weakened further even if we resort to nonlinear feedback laws. Finally, in an effort to broaden the class of disturbance and reference signals, we formulate and solve the generalized semi-global linear feedback regulator problem, for which an external driving signal to the exosystem is included. A crucial component in the design of the regulators in this paper is the low gain design techniques developed in [3], [5] and [lo] . For this reason, we briefly recall the ARE-based low gain design algorithm from [lo] . For the sake of completeness and to facilitate comparison, the regulator theory for linear systems in the absence of input saturation is briefly reviewed in the discrete-time language.
We will mostly use standard notation in this paper. However, we have denoted the shift operator by a superscript +, i.e. z + ( k ) = z(k + 1). 
Composing (2.1) and (2.2) yields a closed-loop system
An error feedback controller has the form (2.4)
The interconnection of (2.1) and (2.4) yields a closedloop system
The purpose of the control action is to achieve internal stability and output regulation. Internal stability means that, when the exosystem is disconnected (i.e., when w is set equal to 0), the closed-loop (2. 
For all (x(O), z(O), w(0)) E Etn+'+', the solution of
The solution of these two problems (see [l] ) is based on the following three assumptions: 
Moreover, a suitable state feedback is given by:
where 
In summary, if assumptions A l , A2 and A3 hold, then, the linear error feedback regulator problem is solvable if and only if the state feedback regulator problem is solvable, and the conditions for the existence of solutions can be expressed in terms of the solvability of certain linear matrix equations.
Global Regulator Problem for Linear Discrete-Time Systems Subject to Input
Saturation In this section, we consider the regulator problem when the plant inputs are subject to saturation. More specifically, we consider a linear discrete-time multivariable system with inputs that are subject to saturation together with an exosystem that generates disturbance and reference signals as described by the following system The global regulation as defined above is clearly a very desirable property. Unfortunately it turns out that we can achieve global regulation only under very special circumstances. In fact, the global error feedback regulator problem as formulated in Problem 3.2 basically has no solution. This is established in the following lemma. 
For all (x(O),w(O))

Also assume that all the eigenvalues of A are inside or on the unit circle. Then there exist initial conditions W Q for w such that there exists no input U or initial condition z(0) for which the closed-loop system satisfies
The above clearly yields a good argument to restrict attention to initial conditions w(0) inside a given compact set. However, in the theory of stabilization of linear discrete-time systems subject to saturation, the step from global initial conditions to initial conditions inside a compact set has already been made. This has been named semi-global stabilization. Since, in most cases, we have to restrict attention to initial conditions for w inside a compact set anyway this yields good motivation to direct our attention to a semi-global setting. Of course this also yields the well-known advantage that we can achieve regulation with linear compensators. Hence all the problems in this paper are solved in a semi-global setting .
Semi-Global Regulator Problem for Linear Discrete-time Systems Subject to Input Saturation
In the state feedback case, we have the following problem. 2. There exist matrices 11 and such that:
The solvability conditions for semi-global linear observer based error feedback regulator problem are given in the following theorem. The family of linear observer based error feedback (4.1) laws we construct take the following form
= -F(+ + ( F ( + I + r ) w where F ( E ) := ( B ' X ( e ) B + I ) -~B ' X ( E ) A with X ( E ) being the solution of the following algebraic Ricatti equation (ARE),
X = A ' X A + E I -A ' X B ( B ' X B + I)-'B'XA, E > 0 (4.2)
We next consider the error feedback regulator prob-
where F ( E ) := (B'X(&)B l)-lB'X(E)A with X ( E ) being the solution of the ARE (4.2). The matrices L A and
Ls are chosen such that the following matrix is Schur lem which is formulated as follows. such that
The equilibrium (x,i?,tb) = ( O , O , O ) of
is asymptotically stable with XO x Zo contained in its basin of attraction. 
For all (z(O),p(O))
Necessary Conditions -Linear versus Nonlinear Regulator
The semi-global state feedback regulator problem and semi-global error feedback regulator problems as defined in Section 3, require linear regulators. The sufficient conditions for the existence of such linear regulators were given in Section 3. In this section we examine the necessity of these conditions. The necessity issue must be examined on two fronts.
The first issue is to examine the necessity of the solvability conditions given in Section 3 for the existence of linear regulators. The second issue is to examine whether we can weaken the solvability conditions if we allow nonlinear regulators in our definitions of the state and the error feedback regulator problem. It turns out that under certain mild conditions our solvability conditions for the existence of linear regulators are basically necessary. Moreover, these conditions cannot be weakened by allowing nonlinear regulators. We also make an interesting observation that whenever these mild conditions are violated, there mzght be nonlinear state feedbacks that achieve output regulation while no linear state feedbacks would do so.
The necessary condition for the existence of the semiglobal state feedback regulator using a general nonlinear feedback law is given in the following theorem. 
Generalized Semi-Global Linear Feedback
Regulator Problems We have formulated the semi-global linear feedback regulator problems for linear systems subject to input saturation following the traditional formulation of linear regulator problems where the exosystem is autonomous. As a result, the disturbances and the references generated by the exosystem contain only the frequency components of the exosystem. In an effort to broaden the class of disturbance and reference signals, we formulate in this section the generalized semi-global linear feedback regulator problem, for which an external driving signal to the exosystem is included. More specifically, we consider a multivariable system with inputs that are subject to saturation together with an exosystem that generates disturbance and reference signals as described by the following system x+ = A x + B a ( u ) + P w w+ = S w + r (6.1)
where x E Etn, w E IR', U E IRm, e E IRp, r E L , is an external signal to the exosystem, and U is a vector-valued saturation function as defined by (3.2).
The generalized semi-global linear state feedback regulator problem and the generalized linear observer based error feedback regulator problem are formulated as follows. 
is locally asymptotically stable with Xo x 2 0 contained in its basin of attraction;
and all r E a, the solution of the closed-loop system satisfies limk,,
The next two theorems give the solvability conditions for the above two problems. 
Conclusions
In this paper we have established results parallel to that of [9] . More specifically, we have studied the output regulation problem for linear discretetime systems subject to input saturation. We have shown that the semi-global setting is natural for this problem.
Under a mild assumption we have given necessary and sufficient conditions for the existence of a linear state feedback which achieves regulation. There is only a very small gap between the necessary and the sufficient conditions. Moreover, we have shown that general nonlinear compensators in these cases cannot do better in our semi-global setting .
If this assumption is not satisfied then our conditions for both state and error feedback are still sufficient for the existence of a feedback with a linear structure which achieves regulation. However, nonlinear feedbacks might do better.
